A critically chromatic graph  by Chao, Chong-Yun
ELSEVIER Discrete Mathematics 172 (1997) 3-7 
DISCRETE 
MATHEMATICS 
A critically chromatic graph 
Chong-Yun  Chao*  
Department of Mathematics, University of Pittsburgh, Pittsburgh, PA 15260, USA 
Received 12 October 1994; revised 5 July 1995 
Abstract 
Dirac (1960) concludes the paper by stating that he does not know whether there exists a 
critically 4-chromatic graph with connectivity at least 4. Here, we show the existence of such a 
graph. 
1. Introduction 
The graphs which we consider here are finite, undirected, simple and loopless. Let 
G be a graph, V(G) be its vertex set, E(G) be its edge set and N(v) = {u E V(G) : 
(v,u) E E(G) where v C V(G)}. Let n be a positive integer. A graph G is said to 
be n-colorable if its vertices can be colored with n colors so that no two adjacent 
vertices have the same color. Thus, a n-coloring of G is a partition of V(G) into n 
color classes such that the vertices in the same color class are not adjacent. If every 
n-coloring of G gives the same partition of  V(G), then G is said to be a uniquely 
n-coloring graph. An n-chromatic graph G is n-colorable, but not (n -  l)-colorable. If 
G is n-chromatic, we say its chromatic number, z(G), is n. G is said to be critically 
n-chromatic, if x(G) = n and )~(G - v) = n - 1 for every v E V(G). G is said to be 
edge-critically n-chromatic, if x(G) = n and z(G - e) = n - 1 for every e c E(G). 
Clearly, if G is edge-critical n-chromatic, then it is critically n-chromatic. G is said to 
be n-connected (or to have connectivity n), if the removal of  any n -  1 vertices results 
in a connected graph with more than one vertex. In [3], Dirac concludes the paper by 
stating that he does not know whether there exists a critically 4-chromatic graph with 
connectivity at least 4. Here, we present a regular graph of degree 4 with 13 vertices 
which is edge-critically 4-chromatic and 4-connected. 
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2. The graph 
Let G be the graph with V(G) = {0, 1 . . . . .  12} and E(G) = {(9,9+k):  9 E V(G), 
k E {1, 5, 8,12} c V(G), and the addition is the addition in the field of integers 
modulo 13} as shown in Fig. 1. 
We claim that (1) G is 4-chromatic, (2) G is edge-critically 4-chromatic (hence, 
G is critically 4-chromatic; in fact, G -  e is a uniquely 3-colorable graph for every 
e E E(G) and (3) G is 4-connected. 
(1) We show that G is 4-chromatic. Let (75 be the 5-cycle with V(Cs) -- {0,5,6,7,8} 
(see Fig. 2). Then we know that there are 5 ways to color C5 in exactly 3 colors 
with color indifference (see [2, Lemma 1]), i.e., there are 5 ways to partition V(Cs), 
namely, 
I. {5,7}, {6,8}, {0}. 
II. {0,7}, {6,8}, {5}. 
III. {0,7}, {5,8}, {6}. 
IV. {0,6}, {5,8}, {7}. 
V. {0,6}, {5,7}, {8}. 
Let a, b and ¢ denote 3 colors. We shall use the following notations: i(a) means the 
vertex i is colored with color a, and ~ i(a) means the vertex i is forced to be colored 
with color a. 
We shall color the graph G with 3 colors a, b and c. 
Partition I. O(c),5(a),6(b),7(a),8(b). Then we have ~ l(a). Also --~ 12(b) ~ 4(c). 
Since {l(a),4(c), 8(b)} is contained in N(9), it is impossible to color G by 3 colors 
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Fig, 1. 
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Fig. 2. 
for the partition I. (Note that the edge (6,11) is not involved, i.e., using the partition I, 
G - (6, 11) cannot be colored by 3 colors.) 
Partition II. O(a),5(c),6(b),7(a),8(b). Then we have ---* l(c) --~ 2(b). Also, 
---* 9(a) ~ 10(b). Since (2, 10) is an edge in G, G cannot be colored by 3 colors 
for the partition II. (Note that the edge (6, 11) is not involved.) 
Partition III. O(a),5(b),6(c),7(a),8(b). Then we have ~ l(b) ~ 2(c) ~ 3(a) 
4(c) --~ 9(a) ---* 10(c). Since (2, 10) is an edge in G, G cannot be colored by 3 colors 
for the partition III. (Note that the edge (6, 11) is not involved.) 
Partition IV. O(a),5(b),6(a),7(c),8(b). Then we have ~ 12(b). There are two ways 
to color the vertex 1, namely, l(b) and l(c): 
Case 1: l(b) ---* 2(a) ~ 3(c) ~ 4(a) --~ 9(c). Since {2(a),5(b),9(c)} is contained 
in N(10), it is impossible to color G by 3 colors for this case. (Note that the edge 
(6, 11) is not involved.) 
Case 2: l(c) ~ 9(a) ~ 4(c) --* 3(a) ~ 2(b) ~ 10(c). Since {3(a), 10(c), 12(b)} is 
contained in N(11), it is impossible to color G by 3 colors for this case. (Note that 
the edge (6, 11) is not involved.) 
Partition V. O(a),5(b),6(a),7(b),8(c). Then we have ~ 12(c) --~ 4(a) ~ 9(b) 
l(c) ~ 2(a) --~ 10(c). Also, by using 2(a) and 8(c),---~ 3(b). Since N( l l )  is {12(c), 
3(b),6(a), 10(c)}, it is impossible to color G by 3 colors for this partition. Thus, it 
is impossible to color G by the 3 colors, and, clearly, G can be colored by 4 colors. 
Color the vertex 11 by the fourth color, i.e., G is 4-chromatic, or z(G) = 4. 
(2) We show that G is edge-critically 4-chromatic. For the Partitions I-IV, we know 
that the edge (6, 11 ) is not involved, and G cannot be colored by 3 colors, i.e., for these 
4 partitions, the graph G - (6, 11) cannot be colored by 3 colors. For the partition V, 
if we delete the edge (6, 11 ) from E(G), then G can be colored by 3 colors. Thus, the 
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graph G - (6, 11) is a uniquely 3-colorable graph, and the 3 color classes are: 
{0,2,4,6, 11}, {3,5,7,9}, {1.8, 10, 12}. 
It is known that G is a symmetric graph, i.e., its group of automorphisms A(G) 
is transitive on its vertices as well as on its edges. In fact, we know that A(G) is 
generated by 
R=(0  1 2 .. .  12) and z=(1  8 12 5)(2 3 11 10)(4 69  7) 
with R 13 = /~,Z 4 ~--- /3 and "rRz -1 ---- R 5 where e is the identity permutation. The order 
of A(G) is 52. (see [1, pp. 254-255]). Since G is edge transitive, for every eEE(G), 
there exists a fie E A(G) such that (6, 11)fie = e. For instance, let e = (2,3). Then 
(6)R 9 = 2, ( l l )R  9 ---- 7, (2)(zR 12)-- (3)R 12 ---- 2, and (7)(zR 12) = (4)R 12 -- 3. Thus, 
(6, ll)(R9zR t2) = (6, ll)(R4z) = (2,3) where RSz = "oR and R 13 = e are used. Since 
R4z is the following permutation: 
(0 6 2 9)(3 4 12 11)(5 7 10 8), 
the 3 color classes in G - (2, 3) are 
{6,9,12,2,3}, {4,7,10,0}, {1,5,8,11}. 
Again, we know G cannot be colored by 3 colors but 4 colors, and G- (6 ,  11) can be 
colored by 3 colors. Since G is symmetric, G -  e can be colored by 3 colors for every 
eEE(G). Hence, G is edge-critically 4-chromatic, and G is critically 4-chromatic. 
(3) We show that G is 4-connected. A theorem of Whitney in [4] states that G is 
n-connected if and only if for each pair u, v of distinct vertices in G, there are at least 
n disjoint paths from u to v. We shall use Whitney's theorem and the automorphims 
R and z to show G is 4-connected. 
The 4 disjoint paths from 0 to 1 are 
0 -1 ,  0 -5 -6 -1 ,  0 -8 -9 -1 ,  0 -12-7 -2 -1 .  (A1) 
The 4 disjoint paths from 0 to 2 are 
0 -1 -2 ,  0 -5 -4 -3 -2 ,  0 -8 -7 -2 ,  0 -12-11-10-2 .  (B1) 
The 4 disjoint paths from 0 to 4 are 
0 -1 -9 -4 ,  0 -5 -4 ,  0 -8 -3 -4 ,  0 -12-4 .  (C~) 
Since z = (0)(1 8 12 5)(2 3 11 10)(4 6 9 7) is an automorphism of G, it pre- 
serves the paths. Applying "/7, Z2,Z 3 to  A1, ~',Z2, Z 3 to  B1 and "C,'C2,~7 3 to  Cl we obtain, 
respectively, the 4 disjoint paths from 0 to 8 (A2), 0 to 12 (A3), 0 to 5 (A4), 0 to 
3 (BE), 0 to l l  (B3), 0 to 10 (B4), 0 to 6 (C2), 0 to 9 (C3) and 0 to 7 (C4). Since 
R=(0  1 2 3 4 5 6 7 8 9 10 l l  12) is an automorphism of G, it also preserves the 
paths. Applying R i to Aj, Bj and Cj for j = 1,2,3,4, we obtain the 4 disjoint paths 
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from i to each of the other 12 vertices in G. Since i can be any integer between 1 
to 12, for each pair i and j of distinct vertices in G there are 4 disjoint paths from i 
to j. By Whitney's theorem, G is 4-connected. 
Also, clearly, G is a 4-chromatic, 4-connected and 4-regular graph without triangles. 
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